The mathematical concepts of distance and similarity measures are introduced into quantum chemistry to aid in the comparison of molecular electronic structures in arbitrary electronic states. Some partial measures are defined to help in estimating the similarity between molecular subunits. The distance measure is constructed using the elements of the charge-bond-order matrix. Some fields of possible applications are mentioned and a new index of analogy is defined. This approach is applicable, in principle, to any LCAO method.
INTRODUCTION
There are many situations in scientific and business investigations in which it is useful to study the similarity or difference between two or more objects on the basis of certain of their characteristics [1, 2] using the so-called distance and similarity measures.
In chemistry, a similarity between the essential characteristics of two molecules allows the investigator to make certain assumptions about the chemical and physical properties of one of the molecules if those of the other are known. (For example, the similarity between the benzeneoid fragments of polycyclic aromatic hydrocarbons and the benzene molecule allowed Clar [3] to put forward his well-known classification of these compounds.) This is the essence of the "principle of analogy", long used intuitively by chemists in the formulation of classes of compounds from the so-called "parent" compounds and their derivatives, as well as in the application of established routes to the synthesis of new compounds.
In recent years, the concept of similarity has become increasingly quantified in chemistry with the help of statistical techniques. Using computers to process banks of measured (experimental) data, various attempts have been made to correlate these data with a wide variety of chemical and physical properties. This fertile field has come to be generally known as chemometrics [ 4] , and some keywords include pattern recognition [5] , cluster analysis [1, 2] and SIMCA method [4] .
In the present study we shall define the distance and similarity measures with respect to quantum-chemical,characteristics.
An essential characteristic of all molecules (many-electron systems) is their electron distribution, which in quantum chemistry is described by the one-electron density function (matrix); in the LCAO approximation this function is represented by the charge-bond-order .matrix. The elements of the charge-bond-order matrix reflect the electronic structures of molecules in a precise way, and are therefore often used in the description of molecules, e.g. in molecular diagrams [6] . Hence, when we refer later to molecular elec-/ tronic structure, we have in mind the elements of the charge-bond-order matrix.
We introduce the mathematical concepts of distance and similarity measures into quantum chemistry to provide an estimate of the difference and similarity, respectively, between two many-electron systems in arbitrary electronic states with respect to their electronic structure (e.g. between two electronic states I and J of a molecule M; between two molecules M and L in certain electronic states; between a fragment Mi of a molecule and a corresponding standard (reference) molecule L i, etc.). As will be seen below, the proposed method can be applied, in principle, within the framework of any quantumchemical LCAO method.
The mathematical formalism of the distance and similarity measures is reviewed in the next section [1, 2] . We then in trod uce the partial distance and partial similarity measures; the general technique by which the formalism is applied to quantum chemistry is given. Finally, some fields of possible application are discussed.
MATHEMATICAL FORMALISM
Let the set Q = {Qh Q2, ... Qn } denote n objects (individuals). We shall assume that there exists a set of features or characteristics C = {CI, C 2 , ••• Cp } which are possessed by each object in Q and which can be measured or calculated. We denote the value of the k-th characteristic Ck of the object Qz by the symbol XkZ. For the sake of simplicity it is assumed that the XkZ do not represent tensors, but only simple numbers. Let X z = (XkZ) denote the p X 1 vector characterizing the object Qz. Hence for all objects in Q we have available a set of vectors X = {XI. X 2 , ••• Xn}:
The set X can be thought of as n points in p-dimensional Euclidean space (2) where r = 1,2,3, ... ; when r = 2 we obtain the familiar Euclidean metric. Since the mathematical formalism described below is valid for any natural number r, the index r is omitted.
Complementary to the notion of distance is the idea of similarity S(Xb Xi)
between two objects Q k and Q l with respect to the selected set of character-
A non-negative real-valued function S(Xk' Xl) is said to be a similarity measure [1] if
It is important to note that the distance measure d can be used to construct a similarity measure s. Thus, if one prefers to work with similarities rather than distances, a special form of s as a function of d may be selected.
In order to apply this formalism to quantum chemistry it is necessary to formulate some additional properties of the d and s functions. i.e.
It is obvious that if we partition the set C into an arbitrary number of disjoint subsets C 1 , C 2 , •• , C8, ... CA, ... CE for whichoQ, Co = C and CA Ii Co = 0 for all pairs (ii., 0), then the following inequality holds (5) In other words, the distance between two objects Qk and Q/ with respect to the whole set C is always less than or equal to the sum of the partial distances do between the objects defined with respect to some of their characteristics Co.
It also follows from (2) that (6) for any O (6) and (7), we obtain (8) We shall denote the quantity s(dlY.Q) simply by so and shall call it a measure of the partial similarity between Q k and Q/ determined with respect to a selected subset Co of C. Thus the total similarity s between the objects Qk and Q/ determined with respect to the whole set of characteristics C is always less than or equal to the smallest of the partial similarities so, i.e.
(9)

APPLICATION OF THE FORMALISM
Specification of the objects, Q, the characteristics, C, and the vectors, X As discussed earlier, we have introduced the distance and similarity measures to compare two many-electron systems M and L in arbitrary electronic states 1 and J respectively, of given multiplicity. This means that we identify M(1) and L(J) as members of
Comparison may be carried out between two different molecules (M oF L) or different states of one and the same molecule (M = L; 1 oF J).
The electronic states of many-electron systems can be characterized to some extent by means of their energy, their electronic structure and any other measurable or calculable quantities (characteristics C of the objects Q). In most quantum-chemical methods these characteristics are represented by matrices, e.g. the charge-bond-order matrix, the matrix representing the distribution of the electron energy over and between the AO's (in EHT, PPP, CNDO and other methods) [7] , etc. The elements/components of these matrices we shall call the sub characteristics of the object concerned. We now apply the formalism described for the characteristics in the previous section to the subcharacteristics. This means that we use the actual values of the subcharacteristics to construct the vectors X k and Xl; it is obvious that the ordering of the elements in both vectors must be of the same type.
Since the purpose of this paper is the comparison of objects with respect to their electronic structure, we choose the elements of the charge-bondorder matrix (P J.W) as the set of su bcharacteristics. The vectors X k and Xz therefore contain the actual values of the elements of the charge-bondorder matrices pM (1) and PL(J) of the molecules M and L in electronic states 1 and J, respectively. These elements reflect the electronic structure of the molecule in a precise way. Since the charge-bond-order matrices can be calculated in the framework of any LCAO method for each electronic state, the approach proposed here is applicable to any LCAO-MO method.
Having specified the objects, subcharacteristics and vectors, we can now define the distance and similarity between M(I) and L(J).
According to eqn. (2), we obtain (11) and s,. = s(d,.) should be a single-valued and monotonically decreasing function.
Choice of a suitable analytical form for s(d,.)
From a mathematical point of view all distance norms are equivalent; however, the distances calculated for different r = (3) could serve as a similarity measure. Since relatively small distances should correspond to high similarity measures, medium distances to medium similarity measures, and finally relatively great distances to relatively low similarity measures, it seems reasonable to choose an S-curve (Le. bell-shaped) to represent the function s(d). Of all possible functions of this type we arbitrarily choose the Gaussian (12) The choice of a Euclidean metric and the special form (12) leads to a simple relation between the partial and total similarity measures. If r = 2 is chosen, it follows from eqn. (2) that (13) The substitution of (13) into (12) leads to
Similar relations are obtained for
SOME FIELDS OF POSSIBLE APPLICATION
To our knowledge, this is the first proposed use of distance and similarity measures in quantum chemistry. It might therefore be worthwhile mentioning some fields of possible application, although such a list can be neither complete nor detailed at present.
Estimation of the localisation of the electronic excitation upon a given molecular subunit (fragment) Miof a molecule M
Sukhorukov et al. [8] have recently shown that the localisation of a 1T1T* transition (0 + J) upon a given fragment M j EM can be expressed by /l,V all (15) where 0 and Jrepresent the singlet states So and SJ, respectively. This empirical index correlates well with an index derived theoretically by Lusanov et al. [9] . From eqn. (11) ... ,
This expression could also be used for other electronic transitions, e.g. could be used to characterize the electronic structure of an excited state J of M in terms of either its ground-state electronic structure or that of an iso-1T-conjugated system L. This might indicate possible changes in the behaviour of excited states with respect to the ground state . In this sense sifPMi(O), PLi(O)] expresses the analogy between a molecular fragment and its reference system and should therefore be comparable to other expressions of the same analogy: the character orders [10] , PL, the localizability indices r L and rB [11, 12] and others [13, 14] . Due to differences; in definition of these indices, however, they do not alway produce exactly the same results. If M were considered as a "super molecule" constructed from a solute and its solvent shell, L being the solute, a measure of the partial similarity could provide information on the influence of the solvent shell upon the electronic structure of the solute. Some preliminary results for cyanine andimerocyanine dyes have already been obtained [15] . The phrase "fragmented analogue L of a molecule M" refers to the ensemble of all non-interacting reference fragments Li which corresponds to the fragmentation considered. Then s[PM(I), PL(J)] could serve to estimate the extent to which a molecule in a given state may be considered to be composed from molecular subunits (degree of fragmentation) [16] .
Comparison of a molecular subunit (fragment)
Comparison of iso-1T-conjugated molecules
Applications to chemical reactions
The proposed similarity measures could be used to investigate the role of initial and final molecules, as well as that of transient species, in a thermal or a photochemical reaction. This might be of interest in the study of reaction mechanisms.
SUMMARY
(1) An attempt has been made to introduce the mathematical concepts of distance and similarity measures into quantum chemistry for comparison of molecular electronic structures in given electronic states. The concepts of partial distance and partial similarity measures are also defined, and some of their mathematical properties are derived.
(2) The measure of partial similarity, Si[PMi(I), PLi(J)], is proposed as a new kind of index to describe the analogy between ~ and Li in states I and J respectively.
(3) The proposed method is applicable in principle to arbitrary electronic states in the framework of any LCAO approximation. This is undoubtedly one of the advantages of the method, and could open new avenues for investigation.
(4) Some possible applications are described: theoretical studies of the properties and electronic structure of excited states which are difficult to investigate experimentally; estimation of the degree of fragmentation of a molecule in ground and excited states; comparison of iso-1T-conjugated molecules; investigation of the influence of substituents and the solvent shell, respectively, on the electronic structure of a molecule; study of intermolecular complexes.
